We study the quantum dynamics of a model of molecular matter-wave amplifier proposed by Search and Meystre ͓Phys. Rev. Lett. 93, 140405 ͑2004͔͒, which employs a strongly damped optical cavity to convert an atomic Bose-Einstein condensate into vibrational ground-state molecules. By using the Monte Carlo wavefunction method, we calculate the quantum evolution of the atomic and molecular matter waves. We find that the system always evolves into a pure ground-state molecular matter wave even if initially there was no ground-state molecules. Statistical properties of these atomic and molecular matter waves are also investigated. The final state of the molecular field is sub-Poissonian. Two-mode correlation functions exhibit anticorrelated properties.
I. INTRODUCTION
Coherent generation of ultracold molecules or molecular Bose-Einstein condensates ͑BECs͒ has been an active research field in matter-wave and cold-atomic physics ͓1-3͔. Both condensed bosonic atoms and degenerate fermionic atoms can be converted into molecules by using either the Feshbach resonance ͑FR͒ method or photoassociation ͑PA͒ process. Studies on cold molecules or molecular BECs may lead to new scientific developments such as the quantum superchemistry ͓4,5͔, BEC-BCS crossover ͓6͔, and matterwave entanglement ͓7͔. Experimental observations of molecular BECs have been realized in several groups ͓2͔. Theoretically, the mean-field Gross-Pitaevski equations ͑GPEs͒ have been widely used to describe the dynamical evolution of coupled atom-molecule BECs ͓8-11͔. Moreover, atommolecule BECs may also show quantum wave statistics ͓5,12-16͔. Thus, the study on quantum dynamics and statistical correlations of atom and molecule BECs is of great importance in the development of quantum optics of molecules ͓17͔.
Generally, the lifetime of molecules formed from bosons via FR or PA are very short because they are lying on highly excited vibrational states ͓18͔. It is crucial for practical applications to create molecules in their vibrational ground state. Several methods, including stimulated two-photon Raman PA ͓19͔, Bose-stimulated Raman adiabatic passage ͓20-23͔, and Feshbach stimulated Raman photoproduction ͓24͔, have been proposed to create ground-state molecule BEC.
Recently, Search and Meystre proposed a molecular matter-wave amplifier ͑MMWA͒ scheme, by using FR and two-photon Raman transition inside a poor quality cavity ͓25͔. In their model, a bosonic atom pair are converted into a quasibound molecule via FR, then followed by a two-photon transition to transfer the quasibound molecules to groundstate molecules. Molecules in the quasibound state are first coupled to an excited molecular state by an intense optical field, then decay to the ground state with emission of a photon into a quantized cavity mode. High efficiency and unidirectional amplification of an initial ground-state molecular matter wave have been demonstrated via numerically solving the mean-field equations.
In this paper, we wish to know the quantum statistical properties of the MMWA. Based on the Lindblad's master equation description of the Search-Meystre model, we use the Monte Carlo wave-function method to study the quantum evolution of the system and calculate the second-order correlation functions of atomic and molecular fields. We show that even if there is no initial ground-state molecular fields, all atoms can still be converted completely into the groundstate molecules. We also show that the statistics of produced ground-state molecules is sub-Poissonian and the correlations between any two matter-wave fields are anticorrelated. We describe the MMWA model and numerical method in Sec. II, and present the main results and discussions in Sec. III. Conclusions are given in Sec. IV.
II. FORMALISM
The Search-Meystre's MMWA is modeled in terms of four matter-wave modes and one optical field mode ͓25͔. Initially, all atoms are inside an optical cavity and Bose condensed into the state ͉0͘. Two atoms in ͉0͘ can be converted to a molecule in the quasibound state ͉1͘ via FR. Then a classical laser couples state ͉1͘ to an electronically excited molecular state ͉2͘. Transition from ͉2͘ to the molecular ground state ͉3͘ is realized by a quantized mode of the cavity field. In the original model of Feshbach stimulated photoproduction ͓24͔, the ͉2͘ → ͉3͘ transition is also coupled by a classical optical field. The use of a quantized cavity mode in this MMWA model can suppress other unwanted transitions. Under the assumptions that the cavity mode is strongly damped and there are large frequency detunings in transitions ͉1͘ → ͉2͘ and ͉2͘ → ͉3͘, the dynamical evolution of a MMWA can be described by the master equation given in Ref. ͓25͔ as atoms or molecules in the states ͉0͘, ͉1͘, and ͉3͘, respectively. The FR coupling is described by H 01 = ␣b 1 † b 0 2 e i⌬t + H . c., with ␣ and ⌬ being the coupling strength and FR detuning. In Eq. ͑1͒, denotes the cavity mode damping rate, while ␦ and ␤ 1 are the two-photon detuning and relative coupling strength for the ͉1͘ → ͉3͘ transition, respectively. The intermediate off-resonant-state ͉2͘ is dark and does not actively participate in Eq. ͑1͒.
The complete information about the dynamics of the MMWA can be obtained by solving Eq. ͑1͒. But this is very difficult. Instead, in Ref. ͓25͔, truncated equations of motion for operator expectation values were considered. It has been shown that an unidirectional amplification of a small initial population in ͉3͘ can be realized. Apparently, this mean-field method cannot tell us the quantum statistics of the amplified ground-state molecular field.
In this work, we exploit the theory of quantum trajectories ͓26͔, and study the quantum dynamics of MMWA by using the Monte Carlo wave-function method. This is done by recognizing that Eq. ͑1͒ has the Lindblad form
with the Lindblad dissipation being associated with the quan-
As a result, the initial pure state in each trajectory evolves with the non-Hermitian H = ͑H 01 + ␦b 3 † b 3 ͒ − iĈ † Ĉ / 2, together with a series of random quantum jumps ͓26͔. Apparently, the state remains a pure state in each trajectory, and the expectation value of any operator can be calculated from the ensemble average of quantum trajectories. Note that the quantum jump operator Ĉ conserves the total population, i.e., M = N 0 /2+N 1 + N 3 remains a constant; N 2 = 0 since the offresonant-state ͉2͘ does not participate in Eq. ͑1͒ explicitly.
The stochastic wave function can now be expressed as
Here, ͉N͘ j denotes the basis wave function for the specified bosonic state ͉j͘ being occupied by N particles. According to the standard algorithm ͓26,27͔, the jump probability is given by ␦p = ␦t͗͑t͉͒Ĉ † Ĉ ͉ ͑t͒͘ and the stochastic propagator for
, with probability ␦p.
͑5͒
The mean occupation numbers in the individual states can now be evaluated as
Here, ͉c nm ͑t͉͒ 2 denotes the trajectory ensemble average of the stochastic wave-function amplitude. We can also calculate the equal-time second-order correlation functions,
for the single-mode matter wave in the specified state ͉j͘, or the two-mode matter wave in different ͉k͘ and ͉j͘. These correlation functions are widely used in quantum optics to characterize the quantum statistics of optical fields ͓28͔.
Generally speaking, the field is sub-Poisonnian if G j ͑2͒ Ͻ n j 2 , the signature of a nonclassical matter-wave field. Moreover, the violation of the Cauchy-Schwarz inequality, G kj
͑2͒ , implies that the two matter-wave fields are nonclassically correlated ͓28͔.
III. NUMERICAL RESULTS AND DISCUSSIONS
Presented in this section are the simulated results of MMWA, exemplified by the system with the resonant detunings ͑⌬ = ␦ =0͒ and the relative FR coupling strength of ␣ =10 ͉ ␤͉ 2 . The unit of time t is set to be 1 / ͑ ͉ ␤͉ 2 ͒. Let us start with the initial state, ͉͑0͒͘ = ͉200͘ 0 ͉ 0͘ 1 ͉ 10͘ 3 , comparable with that used in Ref. ͓25͔, in which the molecular ground state ͉3͘ has a small population initially. Note that the total population is M = N 0 /2+N 1 + N 3 = 110. Shown in Fig. 1͑a͒ is a single trajectory, in terms of the quantum jump dynamics of the populations in the three matter-field modes. It is evident that n 3 ͑t͒ monotonically increases with t. As the non-Hermitian Hamiltonian H commutes with b 3 † b 3 , the population in ͉3͘ in each trajectory remains a constant step value, until a jump that occurs randomly and brings one more molecule to ͉3͘. The trajectory of ͉͑t͒͘ is not deterministic in general. However, in the present model of study the quantum jump is unidirectional and irreversible. The MMWA in each trajectory will sooner or later evolve into the pure ground-state molecular matter wave of ͉ f ͘ = ͉0͘ 0 ͉ 0͘ 1 ͉ 110͘ 3 . In the trajectory depicted in Fig. 1͑a͒ for example, the quantum state reaches at ͉ f ͘ around t Ϸ 0.075 ͓in the unit of 1 / ͑ ͉ ␤͉ 2 ͔͒, and remains there since then. Figure 1͑b͒ presents the ensemble-averaged results. The resulting curves are similar to those in Ref. ͓25͔ . The evolutions of the average populations are smooth and the amplification of the matter wave field in ͉3͘ is monotonic towards the pure state of = ͉ f ͗͘ f ͉.
In Fig. 2 , we show the quantum fluctuations in the MMWA. Number statistics of the atoms and molecules are plotted in Fig. 2͑a͒ in terms of the Mandel's Q parameter,
which is widely used in quantum optics. It is evident that the ground-state molecules will be of a sub-Poissonian distribution after a certain time. This is consistent with the previous discussion that the final state is a pure ground-state molecular number state. The atoms and quasibound molecules are initially in the sub-Poissonian and gradually transformed into super-Poissonian distributions until finally they are depleted. The joint quantum statistical properties of the three matterwave fields are reported in Fig. 2͑b͒ in terms of ⌬G kj
Curves at the early ͑t Ͻ 0.01͒ and later ͑t Ͼ 0.05͒ time are trivial because of G ij ͑2͒ ͑t͒Ϸ0 and G i ͑2͒ ϫ͑t͒G j ͑2͒ ͑t͒Ϸ0 there. It is also noticed that the two-mode correlation functions always satisfy the Cauchy-Schwarz inequality, ⌬G ij ͑2͒ ͑t͒ Յ 0. In other words, the matter-wave fields are completely anticorrelated. They do not tend to be created simultaneously. This property can be understood from the quantum trajectory analysis or the model itself that invokes the rotating-wave ansatz. The event of a quasibound molecule creation in ͉1͘ is closely related to that of the two atoms annihilation in ͉0͘. Thus, the populations in ͉0͘ and ͉1͘ cannot increase simultaneously. Similarly, the creation of a ground-state molecule in ͉3͘ requires a quasibound molecule in ͉2͘ be annihilated, and moreover, it is a competing event against the recovery of two atoms back to ͉0͘. Therefore, the matter wave in ͉3͘ is also antibouncing with respect to that in ͉1͘ and ͉0͘. Apparently, the fields in ͉0͘ and ͉3͘ are not directly connected and their correlation is relatively small, as depicted in Fig. 2͑b͒ . The observed MMWA properties above will remain all valid, even for the case where there were no initial population in the molecular ground state ͉3͘. Shown in Fig. 3 and Fig. 4 are the counterparts of Fig. 1 and Fig. 2, with the initial state being instead ͉͑0͒͘ = ͉200͘ 0 ͉ 0͘ 1 ͉ 0͘ 3 . These figures have similar qualitative behaviors. Note that the total population is now M = N 0 /2+N 1 + N 3 = 100, rather than 110. All other parameters are not changed. As the quantum jumps into ͉3͘ occur spontaneously, the conversion of atoms to ground state molecules can always be realized in the present model of study, regardless whether there is an initial population or not in the molecular ground state. An initial seed in ͉3͘ just speeds up the conversion process and reduces the fluctuation.
IV. CONCLUSION AND DISCUSSION
We have studied the quantum dynamics of a molecular matter-wave amplifier using the Monte Carlo wave-function method. We find that the amplification or generation of the ground-state molecular matter wave can be realized via random quantum jumps or the spontaneous emission in the present case. The conversion of near-unit efficiency can be achieved no matter if there is an initial population in the molecular ground state or not. Statistical properties of the matter waves are also investigated by calculating the equal time second-order correlation functions. The atomic and molecular matter waves can be super-Poissonian, and the desired final ground-state molecular field always show subPoissonian statistics. Any two-mode correlation functions satisfy the Cauchy-Schwarz inequality, indicating that any two matter fields are anticorrelated according to their joint quantum statistics.
The ground-state molecular field is sub-Possonian means it is antibunching in a certain time interval. But numerically determining this time scale requires one to know the two time correlation functions, which is very tedious and beyond the scope of the current paper, so we left it for the future work. Very recently, Nunnenkamp, Meiser, and Meystre ͓29͔ have studied the models of the ground-state heteronuclear molecules generated from two BECs, a mixture of a BEC and a degenerate fermion, and two degenerate fermions. Population evolutions are obtained via directly solving the master equations. But the second-order moments are calculated only in the short-time limit. So the quantum statistics of the molecules in the long-time evolution are not studied. On the other hand, in our paper, we use the Monte Carlo wavefunction method to calculate the long-time behaviors of the second order moments and the cross correlations between different atomic and molecular modes. We hope this method will be applied also to the models considered in Ref. 
